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We study algebraic type N spacetimes in the extended new massive gravity (NMG), considering 
both the Born-Infeld model (BI-NMG) and the model of NMG with any finite order curvature 
corrections. We show that for these spacetimes, the field equations of BI-NMG take the form of 
the massive (tensorial) Klein-Gordon type equation, just as it happens for ordinary NMG. This fact 
enables us to obtain the type N solution to BI-NMG, utilizing the general type N solution of NMG, 
earlier found in our work. We also obtain type N solutions to NMG with all finite order curvature 
corrections and show that, in contrast to BI-NMG, this model admits the critical point solutions, 
which are counterparts of "logarithmic" AdS pp-waves solutions of NMG. 
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I. INTRODUCTION 

In striving to search for a toy model of quantum grav- 
ity, three-dimensional gravity theories have been an ac- 
tive area of investigations for many years. In a recent de- 
velopment, a new intriguing theory of three-dimensional 
massive gravity was proposed in [l| where a particular 
higher-derivative term, added to the Einstein-Hilbert ac- 
tion, confers dynamical degree of freedoms on the the- 
ory. This theory is referred to as new massive gravity 
(NMG) and, in contrast to the earlier known theory of 
topologically massive gravity (TMG) it is a parity- 

preserving theory whose propagating degrees of freedom 
involve two massive spin-2 modes. The linearized equa- 
tions of NMG in Minkowski vacuum turn out to be equiv- 
alent to those of the unitary Fierz-Pauli theory for a 
free massive spin-2 field Meanwhile, unitarity of lin- 
earized NMG in AdS vacuum implies a negative central 
charge in the dual conformal field theory (CFT) on the 
boundary [J]. Detailed studies of the unitarity proper- 
ties of NMG as well as the discussion of various attempts 
to reconcile the unitarity conflict in the bulk/boundary 
theories can be found in (El-tioj. 

The appearance of NMG almost immediately raised 
an important question of whether one can obtain a sen- 
sible theory of three-dimensional gravity by adding the 
next order curvature invariants to the action of NMG. 
The first step towards this direction was made in [Tl| . 
where the theory of NMG was reproduced by assuming 
the existence of the dual CFT and a simple holographic 
c-theorem. Within this approach, NMG was extended 
to involve cubic and quartic curvature corrections. The 
further use of this approach resulted in the extension of 
NMG involving an arbitrary (finite) number of curvature 
corrections [12j . An interesting Born- Infold (BI) type 
gravity theory in three dimensions was proposed in |13| . 
In a certain sense, this theory is an extension of NMG to 
include infinite order curvature corrections. In the weak 
curvature limit, it matches NMG as well as its extension 



that involves cubic curvature corrections, obtained ear- 
lier within the holography approach [ill ]. This in turn 
indicates that BI-NMG must allow simple c-functions. 
In [1J], it was shown that this is indeed the case with 
the assumption of the null-energy condition. However, 
the conflict between the bulk unitarity and the unitar- 
ity of the boundary CFT, existing in NMG and in the 
extended NMG with cubic and quartic curvature correc- 
tions, retains in BI-NMG as well, albeit it becomes less 
severe 15]. It is also interesting to note that the theory 
of BI-NMG naturally arises as a boundary counterterm 
in the anti-de Sitter space (AdS 4 ) within the AdS/CFT 
correspondence [l6| • As for the exact solutions to the the- 
ory, it was shown that while BI-NMG admits the usual 
AdS pp-wave solution just like NMG, it does not admit 
a logarithmic type solution at the critical value of the 
parameters, in contrast to NMG 17]. Various AdS and 
warped AdS types black hole solutions to the extended 
NMG have been discussed in (l8l.[l9j. 

Recently, a novel approach to NMG, built up on the use 
of a first-order differential operator appearing in TMG, 
was developed in [2(|. With this differential operator, 
the field equations of TMG can be interpreted as a mas- 
sive (tensorial) Dirac type equation. Assuming that the 
first-order differential (TMG) operator somewhat lies at 
the "heart" of the NMG theory as well, it was shown that 
the field equations of NMG reduce to the form of a mas- 
sive (tensorial) Klein-Gordon type equation, involving 
the square of this operator. It turns out that for algebraic 
types D and N spacetimes with constant scalar curvature, 
the relationship between the Klein- Gordon type form of 
the NMG equations and the TMG equations closely re- 
sembles the relationship between the usual Klein-Gordon 
and Dirac equations. That is, in the case under consid- 
eration, TMG can be considered as the "square root" of 
NMG. This in turn means that any type D or N solution 
of TMG is also a solution to NMG (after adjusting the as- 
sociated parameters). Altogether, this approach greatly 
facilitates the study of all types D and N solutions of 
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NMG [2JJ, |22|. For other works on exact solutions of 
NMG see, for instance, [H-Hl]. 

The purpose of this Letter is to employ the novel ap- 
proach of [20j to exploring type N spacetimes in the ex- 
tended NMG. In Sec. II we briefly discuss the structure of 
the BI-NMG model and present the equations of motion. 
In Sec. Ill we describe the dynamics of type N spacetimes 
in BI-NMG, using the language of a "semi-null" triad of 
real vectors. Next, we show that the use of the first-order 
differential operator, emerging in TMG, renders the field 
equations of BI-NMG to take the form of the massive 
(tensorial) Klein-Gordon type equation (accompanied by 
an associated constraint equation). In Sec. IV we obtain 
the type N solution to BI-NMG by using the general type 
N solution of NMG, earlier found in [22]. In Sec.V we 
discuss the equations of motion for type N spacetimes in 
NMG with all finite order curvature corrections. Here we 
show that this model admits the counterparts of the crit- 
ical point solutions of NMG, in contrast to the BI-NMG 
model. 



II. BASICS OF BI-NMG 



where the semicolon denotes covariant differentiation and 
we have used the notations 



B„ 



VdeTI" (A" 1 ) . 



B 



(6) 



The trace of equation ([5]) is given by 
V" - B.F + 2B^ 



BR 



2m- 



et A - 1 - A 



= 0. 



(7) 



We note that the equations of motion for NMG with fi- 
nite order curvature corrections can be obtained by suc- 
cessive expansion of equations ([5]) and ([7]) up to order 
(I/to 2 )^- 1 . 



III. DYNAMICS OF TYPE N SPACETIMES IN 
BI-NMG 

It is convenient to begin by introducing a semi-null 
triad of real vectors {l^ , ,m^}, where and are 
null vectors and m p is a spacelike vector. They satisfy 
the relations 



As we have mentioned above, the extension of NMG in- 
volving infinite order curvature corrections was proposed 
in 13J]. This model is described by the Born-Infeld type 
action 



S = 



1 



16ttG 



-9 



4m - 



(Vdet . 



A - 1 - 2A 



,(1) 



where m is the mass parameter, A is the cosmological 
constant, A denotes the tensor 



(2) 



and the Einstein tensor G^ v = R^ v — 5 g^R. Expanding 
this action in the weak curvature regime, or equivalently 
in powers of the parameter 1/m 2 up to order (l/m 2 )^ -1 , 
we can obtain the NMG action with all finite order cur- 
vature corrections (see also [12J, ll3j). In particular, at 
the quadratic order (N = 2) we arrive at the usual NMG 
action 



= 1 . 



1 . 



(8) 



whereas all the remaining contractions vanish identically. 
Clearly, the spacetime metric can be written in terms of 
these vectors as follows 



(9) 



It is also known that the use of these vectors in the 
Petrov-Segre classification of three-dimensional space- 
times u3 renders the traceless Ricci tensor 



S[iv 2 9^fB 



(10) 



of type N spacetimes to take the simple canonical form 

Spiv = l^li> ■ (11) 

With this in mind, equation ^ can be written in the 
form 



s = 



1 



d 3 xy/=g R 



16irG 

where the scalar K is given by 



2A- -L K 

m 



(3) 



where 



A - J_<? 



(12) 



K = R^R^ --R 2 



(4) 



The equations of motion for BI-NMG are obtained by 
var ying action (fTJ) with respect to the spacetime metric 
[i~4l fl8f . As a consequence, we have 



B 



fii>;\ 



-9^ 



B., 



2B 



A((ii;i/) 



2B^R u)x 



B> 



B. 



2m 



BR^v 

- 1 Vdet A — l) — A 



(5) 



R 

6m 2 



(13) 



Using metric © and taking into account the property of 
the basis vectors in flSJ, it is easy to find the representa- 
tion of A^ in the chosen basis. It is given by 



m z 



(14) 
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This in turn results in the matrix 

I q 0^ 
— 1/m 2 q 



A 



V 







q 



with 



dot A = q 3 



(15) 



(16) 



Comparison of equations (JlJ and (|T6| reveals the inequal- 
ity 



1 + 



R 
6m 2 



> 0. 



(17) 



Using now equations (|SJ) and ([9]) one can also invert ([12 
to obtain a matrix whose components are given by 



1 



g m 



2 /* 



(18) 



Substitution of this expression, along with (I16[) . into 
equation ([6]) yields 



■ S M „ , B = 3^/q . (19) 



It is straightforward to show that these quantities fulfil 
the differential constraint given by 



B, 



B., 



Indeed, with equations (p~3|) and ([T9|) we find that 

1, 



B 



B ' ii I2m*q 3 / 2 



I R. v , 



(21) 



where we have used the contracted Bianchi identity 

1 



(22) 



and equation (|11|) . Contracting now both sides of (|22|) 
with P, we obtain l"R. u — 0. That is, the right-hand 
side of (|2T|) vanishes, leaving us with (|20|) . 

It is important to note that the differential constraint 
in (I20[) greatly simplifies the further description of type 
N spacetimes in BI-NMG. With this constraint, the trace 
equation ([7]) takes the most simple form 



A 



2m 2 

This in turn, by means of (TIB")) , yields 

n : (>a ( i A 



(23) 



4m^ 



thereby relating the scalar curvature of type N spacetimes 
to the cosmological and mass parameters of the BI-NMG 
model. 



Next, following our previous [20| work, we introduce a 
first-order differential operator p defined as 



1 



pB^ — — B ua .p + e v al3 B^ a .fj) 



(25) 



where _B M „ is an arbitrary symmetric tensor (not neces- 
sarily that given in equation (jT9j) ) and the Levi-Civita 
tensor e MQ ^ = y/—g£fj,a/3, where we take £012 = 1- It is 
not difficult to show that if the condition 



ex^e^B^ = 



(26) 



holds, one can introduce the "truncated" definition for 
this operator. It is given by 



B 



(27) 



It is also straightforward to show that condition (|26|) is 
equivalent to that given in (|2T)|) . That is, for the B^ 
tensor (TT9"f it is legitimate to use the definition in (|2"T|) . 

It is remarkable that the truncated definition also 
works for the secondary action of p on the tensor B^ v in 
Indeed, using first equation (fK)|) we see that 



1 



y/qnr 



(28) 



Then, we recall that the tensor pS^, as shown in [20j . 
can be expressed in terms of the Cotton tensor C M „ as 
follows 



pSp» = -c, 



where 



R 



vf3 



■ g^pR 



(29) 



(30) 



Since the Cotton tensor fulfils the condition (|20p . com- 
paring equations (|2"5|) and (|2T)1) . we see that the same is 
true for the tensor pB^ u as well. Thus, as stated above, 
we have 



B^u — e 



- c a/3 



(pB ua ). 



(31) 



Inserting now equation (|2"?| into the right-hand side of 
this expression and performing some calculations, we find 
that 



^B^ — B^-x^ - B x ^. v 



(32) 



We recall that by definition of the Riemann tensor and 
with the use of equation (|2T)|) . we have the relation 



B 



= R\vu, T B T X 



B- 



(33) 



Using this relation in (|32[) and substituting the result into 
equation ([5]), with equation (|20[) in mind, we transform 
it into the form that involves the square of the operator 
(24) p. After some rearrangements, we have 



'B^y — R\ vll T B T X + R\( f _ t B^ — BR^ 



2m 2 ( Vdet A - 1 ) - A =0. (34) 
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Next, with the use of the expression for the Riemann 
tensor in three dimensions 

RnvaP = 2 (R,t[a9p]v ~ Ru[a9fi]^ ~ ~^ 9fJ,[a9ff\u\ , (35) 

where the square brackets denote antisymmetrization, 
equation (j3~4"|) takes the form 

1 



+6V 



2m 2 (VdetA- 1) - A + R^B^ =0. (36) 



Finally, substituting into this equation the explicit form 
of the tensor B^ v given in (|19[) and taking into account 
(fTTj) and (|16p , we arrive at the massive (tensorial) Klein- 
Gordon type equation 



(37) 



which, augmented by the constraint equation (|24[) , de- 
scribes the full dynamics of type N spacetimes in BI- 
NMG. Thus, we again have the massive Klein-Gordon 
typ e equation, just as for ordinary new massive gravity 
20]. This means that one can easily obtain type N so- 
lutions to BI-NMG using those of NMG [Hj]. Below, we 
discuss these solutions. 



IV. SOLUTIONS TO BI-NMG 

In our previous work [22| , we have found that the type 
N metric 



ds 2 = dp 2 + 



2dudv 



Z(u,p) 



P 2 



du 2 , (38) 



with the metric functions 
1 



Z(u,p) 



cosh(pp) Fi(u) + smh(pp) F 2 (u) 



cosh(iv/9) fx(u) + smh(vp) f2{u)} , 



(39) 



8 = vta,n\i(vp) or 8 = ^coth(^p) is the general solution 
to the field equations of NMG 



Sp,i/ — p S^v , 



2 - 2 | " 

p =m + — 



accompanied by the constraint equation 



A = -v 1 



Am" 



(40) 



(41) 



where A is the cosmological parameter and rh is the mass 
parameter of NMG. Here we have also used the notation 
v 2 = — R/6. As it was shown in (22|, solution (|3"8")l is 



indeed characterized by three arbitrary functions. One 
of two extra functions fi(u) and /2(H), appearing in the 
metric, is redundant and it can be removed away by ap- 
propriate coordinate transformations. However, for some 



purposes it is convenient to keep in the metric both of 
these functions. Moreover, this solution does not possess 
the null Killing isometry, but this isometry emerges in 



the limiting case 8 



where the solution describes 



AdS pp-waves (HHl]. 

In 22J , we considered two other critical point solutions 
as well: Namely, the solution corresponding to the case 
p 2 = v 2 (rh 2 = v 2 /2), for which the metric function in 



38|) is given by 

Z(u,p) = 



{cosh(/zp) [pF 1 (u) + fi(u)] 



+ smh{pp) [pF 2 (u) + h(u)]} . 



(42) 



instead of (|39|) , and the solution in the case p? = (rh 2 
—v 2 /2), for which we have 



Z(u,p) 



1 



[F l (u) + pF 2 (u) 



cosh(vp) fx (u) + sinh(z/p) f 2 (u)] . (43) 



The wave profile analysis of these solutions reveals the 
appearance of additional logarithmic modes, which be- 
comes evident when making the coordinate transforma- 
tion p — > i^ _1 lny. That is, the solutions under consid- 
eration are of type N counterparts of "lo gari thmic" AdS 
pp-waves solutions, earlier considered in |24j |. 

Comparing now the field equations in ([37| and (|40j) . 
with equation (I24[) in mind, it is not difficult to see that 
for 



= -A 1 



A 

4m 2 



(44) 



the general type N solution of NMG is also subject to 
BI-NMG. This is confirmed by computer calculations as 
well. 

As for the counterparts of solutions with (j42|) and (j43|) 
we note the following: (i) At the critical point m 2 = v 2 = 
—R/6 , the determinant in (|16l) vanishes. That is, at 
this point the theory fails to exist itself, (ii) The critical 
value p 2 = in equation (|40[) implies the vanishing of 



the mass parameter in (|37[) . 



0. However, this is not 



allowed in BI-NMG. We conclude that the counterparts 
of the solutions given in and \^S^ do not exist in 
the Born-Infeld extension of NMG. Similar result was 
earlier obtained in 17] for the AdS pp-wave solutions 
with logarithmic modes. 



V. SOLUTIONS TO NMG WITH FINITE 
ORDER CURVATURE CORRECTIONS 

The equations of motion for type N spacetimes in NMG 
with all finite order curvature corrections can be obtained 
from those given above, by employing an appropriate ex- 
pansion procedure. In the weak curvature limit, the con- 
straint equation (|2"51 is also appropriate for NMG with 
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.ZV-order curvature corrections, provided that on the left- 
hand side of (j2"3"]l we perform the Taylor expansion. Thus, 
we have 



(V9)n = 1 



A 

2m 2 



(45) 



where 



1 / rf"" \ 

^-SaC^L'- (46) 

We recall that q = 1 + x and a; = R/6m 2 . The expansion 
is taken up to order (l/m 2 ) N . For TV = 2, from (J45J we 
find the relation 



R f R \ 
6 ^ 24m 2 J 



(47) 



which is precisely the same as that obtained in [22j for 
type N spacetimes in NMG. 

Similarly, one can present the Klein-Gordon type equa- 
tion for NMG with TV-order curvature corrections. In- 
deed, using equation (|19[) in (136[) and performing some 
calculations, with equations (JTTJ) and (|16j) in mind, we 
obtain that 



where the mass parameter is given by 



m, 



(48) 



(49) 



N-2 



and the subscripts TV — 1 and TV — 2 at the round brackets 
imply the corresponding Taylor expansions (see Ea.(|46|l). 

Now, it is not difficult to see that the general type 
N solution of equation (|40|) (see metric (|38|)) is also the 
solution to equation (14"8"|) . provided that /i 2 = /ufy and the 
parameter v 2 = —R/6 is determined by equation (1451) . 
Moreover, it turns out that the NMG model with TV-order 
curvature corrections, unlike the BI-NMG model, admits 
the counterparts of the critical point solutions of NMG, 
given above with (l4"2l and (|43p . Let us now discuss these 
solutions: 

(i) Clearly, the critical solution with (|42l) exists when 
the condition n 2 N = v 2 is fulfilled. This condition can 
also be written in the form 



(50) 



Next, we solve this algebraic equation separately for each 
even and odd values of TV. We find that the for each even 
value of TV there exists only one real root. For instance, 
we have 



N 
TV 
TV 



2, 
4, 
6, 



x 

X : 
X 



-2, 

-1.30, 
-1.17, 



(51) 



where the first line corresponds to the solution for ordi- 
nary NMG (see Eq. (|42p ) . We see that as TV increases the 



The further numerical analysis 
-1 for large enough even values 



value of x grows as well 
of (|5U| shows that x — > 
of TV. 

Meanwhile, for each odd value of TV, we find two dif- 
ferent real roots. That is, we have 



TV = 3, 
TV = 5, 
TV = 7, 



x ~ 5.46, 
x ~ 2.96, 
x ~ 2.28, 



x ~ -1.46, 
x ~ -1.22, 
x ~ -1.15. (52) 



Again, we see that with the growth of TV, the value of the 
positive root decreases, whereas the value of the negative 
root increases. The detailed numerical analysis reveals 
that for sufficiently large odd values of TV, we have x — > 1 
and x — > — 1. 

(ii) The critical solution with metric function (|43| cor- 
responds to the case [i N = 0. Equivalently, we have the 
condition 



(VV5)iv = 



(53) 



Solving this equation numerically at each order of the 
expansion, we find that it has no real roots for odd values 
TV. On the other hand, for even values of TV we have the 
following roots 



TV = 2, 
TV = 4, 
TV = 6, 



x = 2, 
x ~ 1.53 , 
x ~ 1.37. 



(54) 



We note that the root x = 2 matches the critical solution 
for NMG (see Eq. (|4"3")0 . Continuing the numerical anal- 
ysis, we see that x — > 1 for large enough even values of 
TV. 

It is worth noting once again that the model of BI- 
NMG works for any values of the parameter x = R/6m 2 
that fulfills condition (IT71) . For x — — 1, the model fails to 
exist as the determinant (|16p vanishes at this point. Our 
analysis shows that the scalar function q = 1 + x plays 
a defining role in the theory. For |x| < 1, performing 
the Taylor expansion of the function 1/^/q, we arrive at 
the extension of NMG with (finite) TV-order curvature 
corrections. It is amazing that the finite series expansion 
turns out to be the well-defined extension of NMG for 
arbitrary values of x as well, admitting the critical point 
solutions, which are absent in BI-NMG. 



VI. CONCLUSION 

The use of the first-order TMG operator in the struc- 
ture of NMG reveals an intimate relation between the two 
theories, reminiscent of the relation between the ordinary 
Klein- Gordon and Dirac equations [13] ■ This fact played 
a defining role in finding the full set of types D and N 
exact solutions to NMG [2l[|2^. In this Letter, we ap- 
plied the same line of thought to the extended models of 
NMG, namely to its Born-Infeld extension and to the ex- 
tension involving any finite order curvature corrections. 
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Though at first sight, the field equations of BI-NMG look 
very austere, we have shown that for type N spacetimes 
they reduce to a simple Klein-Gordon type form, with 
the use of a semi-null triad of real vectors and the first- 
order TMG operator. That is, we again have obtained 
the massive Klein-Gordon type equation involving the 
square of the TMG operator, just as in the case of NMG. 
Adjusting the parameters of this equation and those of 
the equation appearing in NMG, we managed to obtain 
type N solution of BI-NMG by using the general type N 
solution of NMG. We have also shown that the critical 
point solutions, which are counterparts of earlier known 
AdS pp-wave solutions with logarithmic modes, do not 
exist in the BI-NMG model. 

Next, we have explored the field equations of the ex- 
tended NMG with finite order curvature corrections, ob- 
taining them from those of BI-NMG by performing a 
Taylor expansion and putting the result in the form of 
a massive Klein-Gordon type equation as well. Again, 



comparing the resulting equation with that obtained for 
NMG, we have found that the general type N solution of 
NMG is also subject to this model, with an appropriate 
adjusting of the parameters. We have also found that the 
model under consideration admits the counterparts of the 
critical point solutions of NMG, which are not allowed in 
BI-NMG. We have given the analysis of these solutions 
for various even and odd numbers (including sufficiently 
large ones) of curvature corrections. Meanwhile, the exis- 
tence of such solutions raises a new challenging question 
as to what happens to the extension of NMG with N- 
order curvature corrections if N — > oo and \x\ > 1? The 
critical point solutions for sufficiently large values of N 
indicate that the limiting theory is certainly not BI-NMG 
and one needs a modified extension of NMG in the limit 
N —> oo and |x| > 1. We will continue the exploration of 
this question in our future works. 

Note added. While writing this work, the paper of [28| 
appeared where the type N solution of BI-NMG is also 
discussed by using the general solution of [22j ]. 
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